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We perform the Monte Carlo study of the SU(3) non-Abelian Higgs model. We dis-
cuss phase structure and non-Abelian vortices by gauge invariant operators. External
magnetic fields induce non-Abelian vortices in the color-flavor locked phase. The spatial
distribution of non-Abelian vortices suggests the repulsive vortex-vortex interaction.
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1. Introduction
A quantum vortex is a visible topological phenomenon in the quantum world. It is observed
in superfluid helium, type-II superconductors, and atomic Bose-Einstein condensates under
magnetic fields or rotation [1–3]. It is also believed to be the key to solve the confinement
problem of the Yang-Mills theory [4]. The quantum vortex can be extended to the non-
Abelian one, which has orientational moduli, in non-Abelian gauge theory. The non-Abelian
quantum vortex is not only theoretically interesting but also phenomenologically important
[5–8]. In particular, it plays an important role in quantum chromodynamics (QCD) at high
density, e.g., in compact stars [9].
We can study the semi-classical property of vortices by solving classical equations of motion
or mean-field equations. However, this is insufficient to reveal the full quantum property of
vortices. We need first-principle calculation of quantum field theory, such as the lattice Monte
Carlo simulation. Abelian vortices have been generated by the Monte Carlo simulation in
relativistic theories [10–20] and non-relativistic theories [21–24]. On the other hand, the
generation of non-Abelian vortices has not been studied by the Monte Carlo simulation.
In this work, we perform the Monte Carlo study of non-Abelian vortices. Although the
most interesting theory is high-density QCD, it suffers from the fermion sign problem. Alter-
natively, we adopt the non-Abelian Higgs model without the sign problem. This model is a
good starting point because it is known as an effective theory of dense quark matters [25–27].
2. Non-Abelian Higgs model
Let us consider the N -flavor scalar field φi (i = 1, · · · , N). Each flavor is the fundamental
representation of the gauge group SU(N)C×U(1)B, and couples to the dynamical SU(N)
gauge field Aαµ and the external U(1) gauge field A
0
µ. All the flavors have the same SU(N)
charge g and the same U(1) charge e so that the flavor symmetry is SU(N)F. The number
of colors is equal to the number of flavors.
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The d-dimensional Euclidean action is
S =
∫
ddx
[
1
4
FαµνF
α
µν + (Dµφi)
†(Dµφi) + V [φ]
]
. (1)
The potential term is
V [φ] = −m2φ†iφi + λ(φ†iT 0φi)2 + ν(φ†iTαφi)2 (2)
with the SU(N)×U(1) generators Tα and T 0. The covariant derivative is defined by Dµ =
∂µ + ieA
0
µT
0 + igAαµT
α. The Lorentz indices µ, ν, the flavor index i, and the adjoint color
index α are contracted when they are repeated. For instance, the last term is given by
(φ†iT
αφi)
2 ≡∑α(∑i φ†iTαφi)(∑j φ†jTαφj). The lattice action is
S =
∑
x
[
2N
g2
∑
µ>ν
{
1− 1
N
RetrUµν(x)
}
+ 2dφ†i (x)φi(x)
−
∑
µ
{
φ†i (x)Vµ(x)Uµ(x)φi(x+ µˆ) + φ
†
i (x+ µˆ)U
†
µ(x)V
†
µ (x)φi(x)
}
+ V [φ]
]
,
(3)
where µˆ is the unit lattice vector in the xµ direction. The summation of the Lorentz indices
is explicitly written in Eq. (3). The gauge fields are replaced by the dynamical SU(N) link
variable Uµ, and the external U(1) link variable Vµ. The field strength is replaced by the
SU(N) plaquette variable Uµν . The lattice action is always real and thus free from the sign
problem. In this and the following equations, dimensional quantities are scaled by the lattice
unit.
Vortices are defined by the winding number
Q =
1
2pi
∮
θdx (4)
of the phase θ along a closed loop. The allowed values of Q depend on broken sym-
metry. The global symmetry of the scalar field is SU(N)C×SU(N)F×U(1)B/ZN×ZN. The
first two terms in Eq. (2) spontaneously breaks U(1)B and generates nonzero conden-
sate. The last term in Eq. (2) favors the color-flavor locking, which breaks the color-flavor
symmetry SU(N)C−F [28]. Thus, the vortices in this model are labeled by the first homo-
topy group pi1(SU(N)C−F×U(1)B/ZN) = Z. Non-Abelian vortices are given by the products
of the U(1) and center elements, e.g., 〈φai〉 ∝ eiθ/Ndiag(eiθ(N−1)/N , e−iθ/N , · · · , e−iθ/N ) =
diag(eiθ, 1, · · · , 1). One Abelian vortex 〈φai〉 ∝ diag(eiθ, · · · , eiθ) is written by the superposi-
tion of N non-Abelian vortices. In this sense, non-Abelian vortices are more elemental than
Abelian vortices. For more details, see reviews [5–8].
We focus on the N = 3 version of this model. This is motivated by the Ginzburg-Landau
theory of dense quark matters [25–27]. In the language of quark matters, φi are anti-triplet
diquarks, Aαµ are dynamical gluons, and A
0
µ are external electromagnetic fields. We note
that the flavor symmetry SU(3)F of physical diquarks is explicitly broken by the masses and
electromagnetic charges of up, down, and strange quarks. In this work, we consider the ideal
model with the exact flavor symmetry. The following analysis is possible in d ≥ 3 dimensions.
We study the three-dimensional case for simplicity.
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3. Phase structure
Before analyzing the topological property of this model, let us understand the basic property
at vanishing external U(1) gauge fields A0µ = 0, i.e., Vµ = 1 for all µ. We computed by
the hybrid Monte Carlo method [29]. The scalar coupling constant is λ = 1 and the gauge
coupling constant is g = 0 or g = 1. At g = 0, the gauge field action is dropped and all
the SU(3) link variables are fixed at Uµ = 1. The lattice volume is fixed at L
3 = 123. All
boundary conditions are periodic.
The tachyonic mass m induces the Bose-Einstein condensation. Naively, the order parame-
ter is the condensate 〈φi〉, which is estimated by the non-local two-point function 〈φ†i (x)φi(y)〉
in the long-range limit |x− y| → ∞. The non-local two-point function works at g = 0 but
does not work at g 6= 0 because it is not gauge invariant. We consider the gauge-invariant
three-particle operator
H(x) =
1
3!
ijkabcφai(x)φbj(x)φck(x), (5)
where a, b, and c are the fundamental color indices [30]. We calculated the condensate of
this operator
∆ =
{
lim
|x−y|→∞
〈H†(x)H(y)〉
}1/2
, (6)
as the order parameter. As shown in Fig. 1, the condensate is nonzero above the critical
mass m ' 1.4 at g = 0 and m ' 1.8 at g = 1. The critical mass is larger at g = 1 because
the scalar field gets a dressed mass by the coupling to the dynamical SU(3) gauge field.
In Fig. 1, we also plot the Polyakov loop, which is defined by the dynamical SU(3) link
variables as P ≡ 〈tr∏x3 U3〉/N . The Polyakov loop is the order parameter of deconfinement
transition. In the condensed phase, the Polyakov loop is nonzero and colored particles are
deconfined.
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P (g = 1)
Fig. 1 Condensate ∆ and the Polyakov loop P . The scalar coupling constant is ν = 1.
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The scalar coupling constant ν controls the color-flavor locking. In the color-flavor locked
phase, the vacuum is given by the diagonal color-flavor matrix
φai ∝ diag(1, · · · , 1) (7)
up to gauge transformation. We define the gauge invariant operator
Gij(x) = φ
†
i (x)φj(x). (8)
When φi is given by Eq. (7),Gij is diagonal in flavor space. Note however that the expectation
value 〈Gij〉 is trivially diagonal because the action (3) and the diagonal component Gii are
even under the inversion φi ↔ −φi while the off-diagonal component Gij (i 6= j) is odd. To
obtain meaningful results, we calculated the long-range limit of the two-point function
Γij =
{
lim
|x−y|→∞
〈G†ij(x)Gij(y)〉
}1/2
, (9)
where i and j are not contracted. The diagonality of Γij characterizes the color-flavor locking.
As shown in Fig. 2, the off-diagonal component of Γij is zero in ν > 0. Therefore the color-
flavor locking is realized.
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Fig. 2 Ratio of the off-diagonal component Γij (i 6= j) to the diagonal component Γii
characterizing the color-flavor locking. The tachyonic mass is m = 2.
4. Non-Abelian vortex
We introduce external U(1) magnetic fields to generate non-Abelian vortices. We consider a
homogeneous magnetic field −B in the x3 direction. The U(1) link variables are set to Vµ =
exp(ieA0µT
0) with A01 = Bx2, A
0
2 = −Bx1, and A03 = 0. The parameters are fixed at m = 2
and λ = ν = 1 to realize the color-flavor locked phase. The boundary conditions in the x1
and x2 directions are not periodic but the Neumann-like one where the covariant derivatives
in Eq. (1) (or the differences in Eq. (3)) perpendicular to these boundaries are set to be zero.
There are two reasons; to change magnetic fields finely and to break translational symmetry
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explicitly, as explained later. The boundary condition in the x3 direction is periodic. Since
translational invariance is violated in the x1 and x2 directions, the long-range limit in Eqs. (6)
and (9) is taken in the x3 direction. Other setups are the same as the above calculation
without external magnetic fields.
A vortex is defined by the counter integral of a phase. One would naively calculate the
phase of the scalar field φi ∝ eiθ, but it is not gauge invariant. We calculated the phase of
the gauge invariant operator (5). We define the phase difference between neighboring sites
δµθ(x) = arg
{
H†(x)H(x+ µˆ)
}
, (10)
the vortex density of a plaquette
q(x) =
1
2pi
{δ1θ(x) + δ2θ(x+ 1ˆ)− δ1θ(x+ 2ˆ)− δ2θ(x)}, (11)
and the total vortex number
Q =
∑
x1,x2
q(x) (12)
in the x1-x2 plane. The classical value Q is an integer by definition. However, the expectation
value 〈Q〉 can be a non-integer because all vortex states are mixed by quantum fluctuation.
In terms of the Monte Carlo simulation, Q is an integer in each configuration of the Monte
Carlo ensemble. When the configurations with differentQ exist in one ensemble, the ensemble
average 〈Q〉 is a non-integer. Such a non-integer value is characteristic in full quantum
calculation, which is not obtained in mean-field calculation.
The expectation value 〈Q〉 is shown in Fig. 3. Non-Abelian vortices are generated above the
critical magnetic field eB ' 0.04 at g = 0 and eB ' 0.02 at g = 1. The critical magnetic field
is larger at g = 0 because the condensate is larger as shown in Fig. 1. The total flux of the
external magnetic field
∫
eBd2x/2pi is also drawn in Fig. 3. The vortex number is consistent
with the total magnetic flux in strong magnetic fields. (If boundary conditions are periodic,
the total magnetic flux must be quantized to integer values,
∫
eBd2x/2pi = 1, 2, · · · , because
of the Stokes theorem in a torus. We can calculate few data points in Fig. 3. This is the first
reason to impose non-periodic boundary conditions.)
In Fig. 4, we plot the coordinate dependence of the vortex density 〈q(x)〉 and the condensate
∆(x). At eB = 0, the vortex density is zero and the condensate is homogeneous. At eB =
0.06, nonzero vortex density is induced. The vortex density is inhomogeneous and favors
the center of the box. The condensate is suppressed inside the vortex. This is for the same
reason as rotational vortices, which favor the center to minimize rotational energy [31]. (If
boundary conditions are periodic, the system is translationally invariant. The coordinate
dependence cannot be observed. This is the second reason to impose non-periodic boundary
conditions.)
Although the vortex number is 〈Q〉 ' 1 at eB = 0.06, Fig. 4 is not exactly the spatial
distribution of one non-Abelian vortex. The configurations with different vortex numbers
are mixed. The ensemble at eB = 0.06 consists of the configurations with Q = −1 (1%),
Q = 0 (17%), Q = 1 (64%), and Q = 2 (18%). We can separately analyze each vortex number
sector. We sorted the configurations by the vortex number, and calculated the expectation
value 〈· · · 〉Q in the ensemble with the vortex number Q. The vortex density 〈q(x)〉Q=1 is
shown in the left panel of Fig. 5. This is exactly the spatial distribution of one non-Abelian
vortex. The vortex is localized at the center of the lattice box.
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Fig. 3 Vortex number 〈Q〉. The solid line is the total external magnetic flux ∫ eBd2x/2pi.
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Fig. 4 Coordinate dependence of the vortex density 〈q(x)〉 and the condensate ∆(x) at
eB = 0 (left) and eB = 0.06 (right). The perpendicular coordinate is fixed at x2 = L/2. The
gauge coupling constant is g = 1.
Multi-vortex distributions can be obtained in the same manner. At eB = 0.12, the ensemble
consists of the configurations with Q = 0 (1%), Q = 1 (8%), Q = 2 (29%), Q = 3 (47%), and
Q = 4 (15%). The results of Q = 2, 3, and 4 are shown in Fig. 5. At Q = 2 and 3, we see
a donut-like shape. In each configuration, the distribution is not a donut but two or three
separate vortices. Since the lattice box has pi/2-rotational symmetry, the expectation value
is given by the superposition of the rotated distributions of two or three vortices, and then
results in a rotationally symmetric donut. The center hole in the donut comes from nonzero
separation between vortices. At Q = 4, we clearly see four vortices. This is because the
four-vortex distribution is a priori symmetric under the pi/2 rotation. These multi-vortex
distributions suggest the repulsion between non-Abelian vortices. In the normalization of
Eqs. (10) to (12), the vortex number of one Abelian vortex is Q = 3. Due to the repulsion,
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Fig. 5 Spatial distribution of the vortex density 〈q(x)〉Q with fixed vortex numbers. The
data of 〈q(x)〉Q=1 are obtained at eB = 0.06 and the data of 〈q(x)〉Q=2,3,4 are obtained at
eB = 0.12. The gauge coupling constant is g = 1.
one Abelian vortex with Q = 3 will be unstable and decay into three non-Abelian vortices
with Q = 1. The repulsion and instability are consistent with mean-field analysis [32, 33].
There are two remarks: The first one is about volume scaling. The obtained results are the
superpositions of all vortex states with finite action. Some vortices, known as global vortices,
have logarithmically divergent action in the infinite volume limit [34, 35]. The contributions
from such vortices will be suppressed in larger volumes. The volume scaling of the above
results is a nontrivial question. The second one is about the operator to count the vortex
number. It is not unique. For example, another definition is δµθ ≡ arg{φ†i (x)Uµ(x)φi(x+
µˆ)}. Since this definition is gauge invariant for each flavor, we can calculate the vortex
number of each flavor independently. In this definition, however, the vortex number is not
necessarily an integer because the phase difference is defined by the inner product of vectors.
We numerically checked that the total vortex number in this definition is almost consistent
with Fig. 3.
5. Summary and perspective
We studied non-Abelian vortices by the Monte Carlo simulation of the non-Abelian Higgs
model. We applied external magnetic fields to excite non-Abelian vortices. The similar anal-
ysis will be possible by rotating the lattice [36]. We confirmed the repulsive vortex-vortex
interaction from the spatial distribution in Fig. 5. More quantitative analysis will be possible
by calculating the vortex-vortex potential from the ’t Hooft loop [37–39]. Our ultimate goal
is the lattice simulation of vortices in high-density QCD. This is now impossible due to the
fermion sign problem. Approximate study might be possible in sign-problem-free fermion
models with nonzero density, e.g., the generalization of two-color or isospin or chiral density.
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